We study the cosmology of an extended version of Horndeski theories with second-order equations of motion on the flat Friedmann-Lemaître-Robertson-Walker (FLRW) background. In addition to a dark energy field χ associated with the gravitational sector, we take into account multiple scalar fields φI (I = 1, 2 · · · , N − 1) characterized by the Lagrangians P (I) (XI ) with XI = ∂µφI ∂ µ φI . These additional scalar fields can model the perfect fluids of radiation and non-relativistic matter. We derive propagation speeds of scalar and tensor perturbations as well as conditions for the absence of ghosts. The theories beyond Horndeski induce non-trivial modifications to all the propagation speeds of N scalar fields, but the modifications to those for the matter fields φI are generally suppressed relative to that for the dark energy field χ. We apply our results to the covariantized Galileon with an Einstein-Hilbert term in which partial derivatives of the Minkowski Galileon are replaced by covariant derivatives. Unlike the covariant Galileon with second-order equations of motion in general space-time, the scalar propagation speed square c 2 s1 associated with the field χ becomes negative during the matter era for late-time tracking solutions, so the two Galileon theories can be clearly distinguished at the level of linear cosmological perturbations.
I. INTRODUCTION
One of the most serious mysteries in modern cosmology is dark energy-the shadowy source for the late-time cosmic acceleration [1, 2] . The cosmological constant remains the most economical explanation for the origin of dark energy [3] , but there are other alternatives such as scalar fields and modifications of Einstein gravity [4] . Interestingly, the recent combined analysis based on the observations of Supernovae type Ia (Sn Ia), Cosmic Microwave Background (CMB), and Baryon Acoustic Oscillations (BAO) showed that the cosmological constant is in mild tension with the data [5, 6] .
Many dark energy models proposed in the literature involve at least one scalar degree of freedom. Typical examples are quintessence [7] and k-essence [8] , in which the potential energy and the kinetic energy of a minimally coupled scalar field χ drives the cosmic acceleration. Even in the case of f (R) gravity where the Lagrangian contains non-linear terms of the Ricci scalar R [9, 10] , there exists a gravitational scalar degree of freedom coupled to non-relativistic matter [11] .
If the derivatives higher than second order appear in the equations of motion, the corresponding theory is usually prone to a ghost-like (Ostrogradski) instability [12] related with the Hamiltonian unbounded from below. The Lagrangian of most general scalar-tensor theories with second-order equations of motion free from the Ostrogradski instability was first derived by Horndeski in 1973 [13] . The Horndeski theories accommodate a wide range of Lorentzinvariant dark energy models with one scalar degree of freedom-including quintessence [7] , k-essence [8] , f (R) gravity [9, 10] , Brans-Dicke theory [14] , and Galileons [15, 16] .
On the flat isotropic Friedmann-Lemaître-Robertson-Walker (FLRW) background, it is also possible to provide a unified framework of modified gravitational theories based on the effective field theory (EFT) of cosmological perturbations [17] - [37] . The building block of this approach is a general action in unitary gauge that depends on the lapse function N and geometric scalar quantities (those from extrinsic and intrinsic curvatures) constructed in the 3+1 Arnowitt-Deser-Misner (ADM) formalism [38] . Expansion of the action up to quadratic order in perturbations shows that there exist spatial derivatives higher than second order in linear perturbation equations of motion, while time derivatives remain of second order. Gleyzes et al. [28] derived conditions for the absence of higher-order spatial derivatives, which are in fact satisfied for Horndeski theories.
The Horndeski Lagrangian contains four arbitrary functions G i (χ, Y ) (i = 2, 3, 4, 5), where Y = ∂ µ χ∂ µ χ is the kinetic energy of a scalar field χ [39] [40] [41] . In unitary gauge this Lagrangian can be expressed in terms of threedimensional ADM scalar quantities with four functions A i (t, N ) (i = 2, 3, 4, 5) and two functions B i (t, N ) (i = 4, 5) , where the dependence of χ and Y in the functions G i translate to that of time t and lapse N in A i and B i [28] . In Horndeski theories the functions B 4 and B 5 are related with A 4 and A 5 according to A 4 = 2Y B 4Y − B 4 and A 5 = −Y B 5Y /3, where B iY ≡ ∂B i /∂Y [35] .
Even for the generalized version of Horndeski theories in which B 4 and B 5 are not necessarily related with A 4 and A 5 , Gleyzes, Langlois, Piazza, and Vernizzi (GLPV) showed that, on the flat FLRW background, the perturbation equations of motion are of second order with one scalar propagating degree of freedom [35] . This second-order property also holds for the odd-type perturbations on the spherically symmetric and static background [42] . In GLPV theories, the presence of symmetries in space-time allows for the absence of derivatives higher than quadratic order.
The covariantized version of the original Galileon [15] -whose Lagrangian is derived by replacing partial derivatives of the Minkowski Galileon [15] with covariant derivatives-belongs to a class of GLPV theories [35] . This is different from the covariant Galileon [16] in which gravitational counter terms are added to eliminate derivatives higher than second order in general space-time. In other words, the covariant Galileon falls in a class of Horndeski theories, while the covariantized Galileon does not.
In order to study the cosmological dynamics based on GLPV theories, we need to take into account matter fields (such as non-relativistic matter and radiation) other than the scalar field χ responsible for dark energy. In the presence of an additional scalar field φ with a kinetic energy X = ∂ µ φ∂ µ φ, the conditions for eliminating derivatives higher than second order have been derived in Ref. [33] for the action depending on φ and X as well as on other ADM scalar quantities. In Ref. [33] the authors also obtained conditions for the avoidance of ghosts and Laplacian instabilities associated with scalar and tensor perturbations. In GLPV theories it was recognized that the matter propagation speed c m is affected by the scalar degree of freedom χ [35] , but this is not the case for Horndeski theories [33, 43] .
In this paper, we derive propagation speeds of scalar and tensor perturbations as well as no-ghost conditions in GLPV theories in the presence of multiple matter fields on the flat FLRW background. In addition to the dark energy field χ, we take into account scalar fields φ I (I = 1, 2, · · · , N − 1) with the Lagrangians P (I) (X I ) depending on X I = ∂ µ φ I ∂ µ φ I . This prescription can accommodate the perfect fluids of radiation and non-relativistic matter [44, 45] . We obtain an algebraic equation for the propagation speeds of multiple scalar fields and estimate to what extent the difference arises by going beyond Horndeski theories.
We then apply our results to two different theories-covariantized Galileon and covariant Galileon. Since the difference between them appears only in the functions B i but not in the functions A i , the background equations of motion for the covariantized Galileon are exactly the same as those for the covariant Galileon. At the level of perturbations, however, these two theories can be clearly distinguished from each other. For the covariantized Galileon the propagation speed square c 2 s1 of the field χ becomes negative in the deep matter era for late-time tracking solutions, whereas in the covariant Galileon it remains positive. We also show that the matter sound speed squares of the fields φ I for the covariantized Galileon are similar to those for the covariant Galileon.
Our paper is organized as follows. In Sec. II we briefly review GLPV theories and derive the background equations of motion on the flat FLRW space-time. In Sec. III we obtain the second-order action for scalar/tensor perturbations in GLPV theories with multiple scalar fields. We derive not only no-ghost conditions but also an N -th order algebraic equation for the scalar propagation speed squares c 2 s . In Sec. IV we study the cosmology based on the two Galileon theories (covariantized and covariant Galileons). We discuss how these theories can be distinguished from each other, paying particular attention to the evolution of the scalar propagation speeds. Sec. V is devoted to conclusions.
II. GLPV THEORIES AND THE BACKGROUND EQUATIONS OF MOTION ON THE FLAT FLRW BACKGROUND
We employ the 3 + 1 decomposition in the ADM formalism described by the line element 1) where N is the lapse, N i is the shift vector, and h ij is the three-dimensional metric. A unit normal vector orthogonal to constant time hypersurfaces Σ t is given by n µ = (−N, 0, 0, 0) with the normalization n µ n µ = −1. The extrinsic curvature of Σ t is defined by
where a semicolon represents a covariant derivative. In the second equality of Eq. (2.2) we have used the fact that the three-dimensional metric h µν can be expressed as h µν = g µν + n µ n ν . The internal geometry of the hypersurfaces is characterized by the three-dimensional Ricci tensor R µν ≡ (3) R µν . The EFT of cosmological perturbations advocated in Refs. [17] - [28] is based on the combination of geometric scalar quantities:
as well as the lapse N . We assume the existence of a scalar degree of freedom χ with the kinetic energy Y ≡ g µν ∂ µ χ∂ ν χ. We choose the unitary gauge in which the constant field hypersurfaces coincide with the constant time hypersurfaces. Since χ = χ(t) and Y = −N −2χ (t) 2 , the χ and Y dependence in the Lagrangian L can be interpreted as the N and t dependence.
Expanding the Lagrangian L(N, K, S, R, Z, U; t) up to second order of perturbations on the flat FLRW background with the line-element ds 2 = −dt 2 + a 2 (t)δ ij dx i dx j , Gleyzes et al. [28] showed that the linear perturbation equations of motion are of second order under the conditions 6) where H ≡ȧ/a is the Hubble parameter (a dot represents the derivative with respect to the time t), and a lower index of L denotes the partial derivatives with respect to the scalar quantities, e.g., L S = ∂L/∂S. Equations (2.4)-(2.6) are sufficient conditions for eliminating spatial derivatives higher than second order. Let us consider four-dimensional Horndeski theories described by the Lagrangian 
where
The lower indices χ and Y represent the partial derivatives with respect to χ and Y , respectively. We have introduced two auxiliary functions F 3 and F 5 satisfying 
The GLPV theories [35] correspond to the Lagrangian (2.8) in which the conditions (2.11) do not necessarily hold. It is clear that the Lagrangian (2.8) satisfies the three conditions (2.4)-(2.6) even without the restriction (2.11), so the linear perturbation equations of motion on the FLRW background do not contain derivatives higher than second order.
In the presence of an additional matter fluid, we derive the background equations of motion for the action
where L is given by Eq. (2.8). In unitary gauge, the functions A i and B i depend on t and N through the relations χ = χ(t) and Y = −N −2χ (t) 2 . S M is the matter action with energy density ρ M and pressure P M . On the flat FLRW background, the equations of motion can be derived by expanding the action (2.12) up to first order in perturbations and by varying the first-order action in terms of δN and δ √ h, where h is the determinant of the three-dimensional metric h ij [28] . They are given, respectively, bȳ 14) whereL is the background value of L, and F ≡ L K + 2HL S . On using the propertiesK = 3H,S = 3H 2 ,K 3 = 6H 3 , andR =Ū = 0, Eqs. (2.13) and (2.14) read 4 and B 5 cannot be distinguished from each other. In fact, this happens for the covariantized Galileon and the covariant Galileon mentioned in Introduction. However, it is possible to distinguish between such theories at the level of perturbations. We shall address this issue in Sec. IV.
III. COSMOLOGICAL PERTURBATIONS AND PROPAGATION SPEEDS OF TENSOR AND SCALAR MODES
In this section, we derive no-ghost conditions and scalar propagation speeds for the theory described by the Lagrangian L(N, K, S, R, Z, U; t) in the presence of multiple scalar fields φ I (I = 1, 2, · · · , N − 1). As we already mentioned, we choose the unitary gauge in which the perturbation of the field χ vanishes (δχ = 0). The k-essence Lagrangian P (I) (X I ) with a kinetic energy X I ≡ g µν ∂ µ φ I ∂ ν φ I can describe the perturbation of a barotropic perfect fluid [33, 44, 45] . Let us then consider the theory with N scalar fields (χ and φ 1 , · · · , φ N −1 ) given by the action
which covers the theory (2.12) with (2.8) as a special case. The energy density ρ (I) and the equation of state w I of the scalar field φ I are given, respectively, by
where P (I) XI = ∂P (I) /∂X I . Then, the total energy density ρ M and the pressure P M of the scalar fields
Combining Eqs. (2.13) and (2.14), we obtain
In Sec. IV A we will show that the above k-essence description can accommodate non-relativistic matter and radiation by choosing specific forms of P (1) (X 1 ) and P (2) (X 2 ). In Ref. [33] the conditions for eliminating derivatives higher than quadratic order were derived for the two-field
. In this case, the higher-order spatial derivatives do not appear under the conditions (2.4)-(2.6). The mixture of temporal and spatial derivatives higher than second order can be eliminated under the conditions L KX1 + 2HL SX1 = 0 and L RX1 + HL U X1 = 0 [33] . For the separate Lagrangian L(N, K, S, R, Z, U; t) + P (1) (X 1 ), these two conditions are automatically satisfied. This is also the case for the action (3.1) of N scalar fields. In the following we study the perturbations for the action (3.1) with the Lagrangian (2.8), in which case the higher-order temporal and spatial derivatives are absent.
We now expand the action (3.1) up to second order in perturbations. In doing so, we express the three-dimensional metric h ij and the shift N i in the form [47] 
where ζ and ψ are the scalar perturbations and γ ij is the tensor perturbation satisfying traceless and transverse conditions γ ii = ∂ i γ ij = 0. The second-order action for the tensor mode is the same as that derived in Refs. [28, 33] :
where the propagation speed c t is given by
The tensor ghosts and Laplacian instabilities are absent under the conditions
For the scalar perturbations the second-order action can be written in the form S
with the Lagrangian density
The Lagrangian density L M 2 corresponds to the contribution coming from the matter fields φ I :
where the first-order and second-order contributions to X I are given, respectively, by
14) 15) with (∂δφ I ) 2 ≡ ∂ j δφ I ∂ j δφ I (the quantities with the same lower index j are summed). On using Eq. (3.4), one can eliminate some of the terms involving ζ. Recall that the Lagrangian (2.8) satisfies the relations (2.4)-(2.6), i.e., A + 2L S = 0, C = 0, and 4G + 3L Z = 0. On using the relations [28, 33] with the notation ∂ 2 ζ ≡ ∂ j ∂ j ζ, the Lagrangian density (3.11) can be expressed as
Varying the Lagrangian density (3.16) with respect to δN and ∂ 2 ψ, we obtain the Hamiltonian and momentum constraints 20) where K, G, B, M are N × N matrices, and the vector X is composed from the dimensionless multiple fields, as
Here M pl is the reduced Planck mass. The two matrices K and G determine no-ghost conditions and the scalar propagation speeds. Their components are given by
22)
where 2 ≤ I ≤ N and other components are 0. The functions g 2 and C 3 are defined by
24)
For the derivation of G 11 we have used the property that the integral
2 up to a boundary term. If the symmetric matrix K is positive definite, the scalar ghosts are absent. The necessary and sufficient conditions for the positivity of K are that the determinants of principal submatrices of K are positive, i.e.,
where we should understand that ℓ I=2 K II = 1 for ℓ = 1 and
Under the tensor no-ghost condition (3.9), all the N conditions (3.26) hold for g 2 > 0 and K II > 0 (I = 2, 3, · · · , N ). Hence the scalar ghost is absent for
The dispersion relation following from the Lagrangian (3.20) in the limit of a large wave number k with a frequency ω is given by
Introducing
For the theory described by the Lagrangian (2.8), it follows that
We recall that in Horndeski theories the relation (2.11) holds, and hence D + E = L S . Then, the term C 3 in Eq. (3.25) reads 
Plugging Eq. (3.33) into Eq. (3.30), we obtain the following algebraic equation 34) whose solutions are given by
The matter sound speed square (3.36) coincides with that derived in Ref. [48] in the context of single-field k-inflation. In Horndeski theories, each c sHI (I ≥ 2) is not affected by other scalar fields. The presence of the matter fields φ I gives rise to modifications to the first propagation speed c sH1 , which was already derived in Ref. [33] for N = 2.
In GLPV theories where the conditions (2.11) are not satisfied, we cannot write Eq. (3.30) in the separate form like Eq. (3.34). On using the propagation speeds (3.35) and (3.36), Eq. (3.30) can be written in the following form: 
whereas the definition of c 2 sH2 is the same as ours. In the Horndeski limit
Let us consider the case in which the deviation of C 3 from the value −16L 2 S /W is small, i.e.,
Under this approximation we write the two solutions for c 
IV. APPLICATION TO GALILEON THEORIES
The covariant Galileon advocated in Ref. [16] belongs to a class of the Horndeski Lagrangian (2.7) with the functions 
The Lagrangian of the original Galileon [15] was constructed such that the field equations of motion satisfy the Galilean symmetry ∂ µ φ → ∂ µ φ + b µ in Minkowski space-time. In curved space-time, the covariantized version of the Minkowski Galileon follows by replacing partial derivatives of the field with covariant derivatives. Although this process generally gives rise to derivatives higher than second order, the equations of motion for the covariantized Galileon remain of second order on the isotropic cosmological background. Taking into account the Einstein-Hilbert term (M 2 pl /2)R, the Lagrangian of the covariantized Galileon [dubbed Model (B)] is given by
Model (B) :
3)
The additional terms −c 4 Y 2 /(4M 6 ) and −3c 5 (−Y ) 5/2 /(5M 9 ) appearing in the terms B 4 and B 5 of the covariant Galileon Lagrangian (4.2) correspond to the gravitational counter terms that eliminate derivatives higher than second order in general space-time. 15) and (2.16) , we obtain the equations of motion
where the energy density ρ DE and the pressure P DE of the "dark" component are given by
6)
Equations (4.4) and (4.5) coincide with those derived in Refs. [49, 50] for the covariant Galileon. The dark energy equation of state is defined by
For the matter component labelled by the lower index "M " in Eqs. (4.4)-(4.5), we take into account radiation and non-relativistic matter. The perfect fluids of radiation and non-relativistic matter can be modeled by two scalar fields φ 1 and φ 2 , respectively, with the Lagrangians
where b 1 , b 2 , and X 0 are constants. If we add a constant term Λ to the Lagrangian (4.9), this corresponds to the unified model of dark matter and dark energy proposed by Scherrer [51] . From Eq. 
Provided that X 2 is close to X 0 , the field φ 2 behaves as non-relativistic matter with w m ≃ 0. Then, the no-ghost condition (3.28) is satisfied for b 2 > 0. From the continuity equationρ m + 3H(1 + w m )ρ m = 0, we obtain the dependence ρ m ∝ a −3 for ǫ ≡ (X 2 − X 0 )/X 0 ≪ 1 and hence ǫ ∝ w m ∝ a −3 . The matter energy density can be expressed as ρ m = 16b 2 X 2 0 w m / (1 − 3w m ) 2 . In Horndeski theories, the sound speed square of non-relativistic matter reads 12) which is much smaller than 1 for w m ≪ 1. The matter sound speed square c .4) and (4.5) has been studied in detail in Refs. [49, 50] . In what follows we shall briefly review the background dynamics and then study how the two Galileon theories can be distinguished from each other at the level of perturbations. We also introduce the following dimensionless variables: 14) which are normalized as r 1 = r 2 = 1 at the de Sitter fixed point. The Friedmann equation (4.4) can be written in the form
and
The autonomous equations of motion for the variables r 1 , r 2 , and Ω r are presented in Appendix (see also Ref. [50] for detail). The variation of the Hubble parameter is known by H ′ /H = −5r
, where a prime represents the derivative with respect to ln a.
There exists a so-called tracker solution characterized by r 1 = 1, along which the field velocity evolves asχ ∝ H −1 [49, 50] . Along the tracker, the variable r 2 grows as r ′ 2 = 2r 2 (3 − 3r 2 + Ω r )/(1 + r 2 ) from the regime r 2 ≪ 1 to the de Sitter fixed point characterized by r 2 = 1 and Ω r = 0. The dark energy equation of state on the tracker is given by
which evolves as w DE = −7/3 → −2 → −1 during the cosmological sequence of radiation (Ω r ≃ 1, r 2 ≪ 1), matter (Ω r ≪ 1, r 2 ≪ 1), and de Sitter (Ω r ≪ 1, r 2 = 1) epochs. However, the tracker equation of state (4.17) is in tension with the joint data analysis of Sn Ia, CMB, and BAO because of the large deviation of w DE from −1 during the matter era [52] . The solutions that approach the tracker at late times can be consistent with the observational data. In this case, the variable r 1 is much smaller than 1 during the early stage of the cosmological evolution. In the regime r 1 ≪ 1, the variables r 1 and r 2 approximately obey the differential equations
Provided that |βr 2 | ≪ 1, we obtain the solutions r 1 ∝ a 5/4 , r 2 ∝ a 7/4 during the radiation era and
during the matter era. When r 1 ≪ 1, the dark energy equation of state is given by
In the regime |βr 2 | ≪ 1, w DE evolves from the value −1/4 (radiation era) to the value −1/8 (matter era). Once r 1 approaches 1, the solutions enter the tracking regime characterized by the equation of state (4.17) . Provided that the approach to the tracker occurs at low redshifts, w DE takes a minimum value larger than −1.3 and then it approaches the de Sitter value −1 in the asymptotic future. Such late-time tracking solutions are consistent with the combined data analysis of Sn Ia, CMB, and BAO [52] .
B. No-ghost conditions
Let us discuss no-ghost conditions for tensor and scalar perturbations in Models (A) and (B). From Eq. (3.9) the tensor ghost is absent for L S = −A 4 − 3HA 5 > 0, whose condition is the same in both Models (A) and (B) 8) and (4.9) , the conditions (3.28) are satisfied for b 1 > 0 and b 2 > 0, respectively.
In the following, let us consider the case in which the sign ofχ does not change during the cosmic expansion history, i.e., r 1 > 0 and r 2 > 0. On using the variables r 1 and r 2 , the no-ghost conditions (3.9) and (3.27) for tensor and scalar modes are given, respectively, by In order to satisfy Eqs. (4.20) and (4.21) in the tracking regime (r 1 = 1 and 0 < r 2 ≤ 1), we require that
The conditions (4.22) and (4.23) need to obey for avoiding tensor and scalar ghosts.
C. Tensor propagation speeds
Since E = B 4 +Ḃ 5 /2 for the Lagrangian (2.8), the tensor propagation speed square c 2 t = E/L S is different between the two Galileon theories. For Model (A) it is given by [49, 50] 24) which is close to 1 for r 2 ≪ 1. At the de Sitter fixed point we have c 2 t = (2 − α)/(2 + 3α − 6β), so we require α < 2 to avoid the Laplacian instability of tensor perturbations under the condition (4.23). During the transition from the regime r 1 = 1, r 2 ≪ 1 to the regime r 1 = 1, r 2 = 1, it happens that c 2 t has a minimum. Imposing that c 
where w (I) and Ω (I) are the equation of state and the density parameter of the field φ I , the first propagation speed square c 2 s1 follows from Eq. (3.35), as
pl /(8r 1 ), and
Note that the matter density parameter Ω m can be eliminated by using the relation (4.15). The evolution of c 2 s1 in three asymptotic regimes is given by [49, 50] :
(4.29)
In the regime (i) we have c 2 s1 = 1/20 and 1/40 during the radiation and matter eras, respectively, so there is no Laplacian instability. If the solutions enter the tracking regime (ii) during the radiation era, we require the stability condition 10 + 13α − 12β > 0. Taking into account the condition (4.23), the de Sitter fixed point (iii) is stable for α > 2β. The theoretically viable parameter space is shown in figure 1 of Ref. [49] . The evolution of matter density perturbations and observational constraints on the covariant Galileon from large-scale structures have been studied in Refs. [53] .
Model (B)
In the case of Model (B), we need to solve the coupled equation (3.30) for N = 3, i.e., +
where 
When q 2 + 4p 3 /27 < 0, all the solutions (4.31) are real. One of the solutions c 2 s1 in Eq. (4.31) is associated with the propagation speed square of the dark energy field χ. In three asymptotic regimes it is given by the solutions approach the tracker by the end of the radiation era, it is possible to avoid the Laplacian instability of scalar perturbations. We recall however that only the background trajectories approaching the tracker around the end of the matter era are consistent with the joint data analysis of Sn Ia, CMB, and BAO [52] . Then the solutions need to be in the regime (i) during most of the matter era, in which case the Laplacian instability cannot be avoided.
In the regime (i), the quantity c sH1 defined by Eq. 
In the regime (ii) we have δc 
which is suppressed both in the regimes (ii) and (iii). The correction δc for the initial conditions r 1 ≪ 1 and r 2 ≪ 1 in the deep radiation-dominated epoch. In this case, the dark energy equation of state w DE starts to evolve from −1/4 (radiation era) to −1/8 (matter era) and then it reaches a minimum −1.1 around the redshift z = 0.3. This late-time tracking behavior is consistent with the observational data of Sn Ia, CMB, and BAO at the background level [52] .
From Fig. 1 we find that the first propagation speed square c 2 s1 evolves from the value 1/20 in the radiation era, which is followed by the decrease to the value close to −1/40 in the matter era. The solution stays in the regime (i) during most of the matter-dominated epoch. The period during which the solution is in the regime (ii) is short, so c 2 s1
soon approaches the value 9.7 × 10 −3 at the de Sitter fixed point (iii) after its temporal variation around z O(1). Figure 1 shows that the sound speed squares c 2 s2 and c 3 s3 of radiation and non-relativistic matter are close to the values 1/3 and 0, respectively. This result is consistent with the analytic estimation given above. For the parameters used in the numerical simulations of Fig. 1 , we find that the deviation of c 2 s2 from the value 1/3 is less than the order of 10 −4 in the matter era.
V. CONCLUSIONS
We have studied the cosmology of the recently proposed generalized Horndeski theories on the flat FLRW background. The Lagrangian of these theories is simply expressed in terms of three-dimensional scalar quantities constructed in the 3+1 ADM decomposition of space-time. In Horndeski theories there are particular relations (2.11) between the coefficients A i and B i , but GLPV theories are not subject to this restriction. On the isotropic cosmological background, the perturbation equations of motion in GLPV theories are of second order with one scalar degree of freedom.
In the presence of multiple scalar fields φ I (I = 1, 2, · · · , N − 1) described by the Lagrangians P (I) (X I ), we have expanded the action (3.1) up to quadratic order in perturbations of the ADM scalar quantities. We have in mind the application to dark energy with additional perfect fluids of radiation and non-relativistic matter. The second-order action for tensor perturbations is given by Eq. (3.7) with the propagation speed square c 2 t = E/L S , so the tensor ghosts and Laplacian instabilities are absent for L S > 0 and E > 0. We have derived the second-order Lagrangian density for scalar perturbations of the form (3.20) , which explicitly shows the absence of derivatives higher than second order.
The positivity of the N × N matrix K implies that the scalar ghosts do not appear under the conditions (3.26). The scalar propagation speeds c s obey the algebraic equation (3.30) . In Horndeski theories this equation can be written as the separate form (3.34), so the solutions to c We have applied our results in Sec. III to the cosmology based on the covariantized Galileon (a class of GLPV theories) and the covariant Galileon (a class of Horndeski theories) in the presence of perfect fluids of radiation and non-relativistic matter. These two theories give rise to the background equations of motion exactly the same as each other, so we cannot distinguish them at the background level.
At the level of perturbations, however, different choices of the functions B 4 , B 5 give rise to different values of E, C 3 defined respectively by Eqs. (3.8) and (3.25) . As a consequence, the first scalar propagation speed squares c 2 sH1 in Eq. (3.35) differ in these two theories. Moreover, in GLPV theories, there is a correction term δc Hence the former is plagued by the small-scale instability problem of dark energy perturbations, while the latter has a theoretical consistent parameter space. The matter sound speed squares of radiation and non-relativistic matter for the covariantized Galileon are close to the values (3.36) in the Horndeski limit.
We have thus provided a general scheme for studying the evolution of background and perturbations in dark energy models based on GLPV theories. These results will be useful in both placing model-independent constraints on the properties of dark energy/modified gravity and in imposing bounds on individual models. For the latter, it may be of interest to search for theoretically and observationally allowed parameter spaces in the covariantized version of the extended Galileon scenario advocated in Refs. [43, 54] .
